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Abstract
The κ-productivity of classes C of topological spaces closed under quotients and disjoint sums is
characterized by means of Cantor spaces. The smallest infinite cardinals κ such that such classes are
not κ-productive are submeasurable cardinals. It follows that if a class of topological spaces is closed
under quotients, disjoint sums and countable products, it is closed under products of non-sequentially
many spaces (thus under all products, if sequential cardinals do not exist).
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1. Introduction
The problem whether there is a nontrivial productive coreflective class of topological
spaces (i.e., a class closed under all products, disjoint unions and quotients) was posed in
1978 in [6]. About ten years later at a conference in Oxford, Dow and Watson announced
partial solutions of the problem and published them in [3]:
(1) If GCH holds and there are no inaccessible cardinals, there is no nontrivial productive
coreflective subcategory of Top.
(2) If (λ) holds for all regular uncountable cardinals λ then there is no nontrivial pro-
ductive coreflective subcategory of Top.
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sistency of a weakly compact cardinal.
(4) If real-measurable cardinal exists then there is a finitely productive coreflective non-
trivial subcategory of Top containing the topological ordered space ω0 + 1.
As far as I know, the original problem is still open in ZFC. To get closer to a solution,
it seemed convenient to consider how much productive are coreflective classes. This was
a start for the results about productivity numbers in topological categories. Although in
the cases of categories TopLin (topological linear spaces), TopGr (topological groups),
Unif (uniform spaces), and in their convenient subcategories like LCS (locally convex
spaces), productivity numbers are fully described now, the original case of topological
spaces has not yet been solved. We remind that the productivity numbers of bicoreflective
subcategories in TopGr and TopLin are exactly the submeasurable cardinals, in LCS
measurable cardinals, and in Unif (or monocoreflective subcategories in TopGr) all in-
finite regular cardinals (see [4]) for TopGr, [7] for LCS and partly for TopLin; more
details for TopLin can be found in the survey paper [8].
We shall modify an example from [3] (the item 4 mentioned above) to show that
every submeasurable cardinal is a productivity number of some coreflective class in Top
and prove that the converse holds, too. Thus as concerns productivity of coreflective
classes, Top behaves like TopGr or TopLinSp and not like Unif although TopGr
and TopLinSp are closer to Unif than to Top (in a sense that all the morphisms there
are uniformly continuous). It seems that the main reason for that situation depends on ex-
istence of a certain generator for the category: R in TopLin, Z in TopGr, a two-point
discrete set in Top) and none in Unif.
2. Basic concepts
Every subcategory will be full and so it suffices to speak about subclasses of objects
instead of subcategories. In the sequel, we shall deal with those coreflective classes con-
taining a nonvoid space (thus containing all discrete spaces) avoiding the trivial case of
the class consisting of the void space only. We remind that in Top every coreflective class
C is bicoreflective. Bicoreflectivity means that the coreflective maps are bijections, i.e.,
that for every space X ∈ Top there exists a finer space cX belonging to C such that every
continuous mapping from a space in C to X is continuous already into the finer space
cX. Equivalently, C is closed under inductive generation, i.e., under quotients and disjoint
sums.
We say that a subcategory C of a category K is κ-productive if every product (in K) of
less than κ objects of C belongs to C; finite (or countable) productivity is another expression
for ω- (or ω1-, respectively) productivity. Productivity number of a subclass C of K is
the smallest cardinal κ (if it exists) such that a product in K of some κ-many objects
from C does not belong to C, otherwise the subcategory is productive and its productivity
number equals to a symbol ∞ that we consider to be bigger than any cardinal in this case.
Productivity number of C will be denoted by pC (thus C is pC -productive). Very often (and
it is our case of coreflective classes in Top) one may take powers of a single space instead
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coordinate spaces and realize that the original product is a retract of a power of the sum).
For C = {∅} one has pC = 0, for our coreflective classes we have either pC = 2 or pC  ω.
We remind that pC is a regular cardinal (if not equal to ∞).
The class of sequential spaces has productivity number equal to 2, the classes of discrete
spaces or of locally connected spaces or of P-spaces have productivity number equal to ω.
Is there a coreflective class having its productivity number equal to ω1 or, more generally,
to ωn? We shall show that there are no such classes. The first uncountable cardinal attained
by pC is the first sequential cardinal s. There are models of set theory, where s does not
exist—in that case, pC attains 3 values only: 2,ω,∞ (thus, every countably productive
coreflective class is productive in that case).
Let us recall that sequential cardinal is a cardinal κ such that there exists a sequentially
continuous noncontinuous real-valued map on the Cantor space 2κ . Those cardinals were
dealt with in the classical Mazur’s paper [9] and in [10]. Mazur showed that the first se-
quential cardinal s is weakly inaccessible (in fact, by Choodnovsky in [2], it is much bigger
than the first, second, . . . , weakly inaccessible cardinals) and that every sequentially con-
tinuous map on a product of less than s-many metrizable separable spaces into a metrizable
space is continuous (even slightly more general spaces can be used). Noble [10] general-
ized the class of metrizable separable spaces used in the last mentioned result to a bigger
class including first countable spaces.
The first sequential cardinal has its continuation in a hierarchy of similar cardinals
(see, e.g., [5]). A mapping f between topological spaces is said to be τ -continuous, for
a cardinal τ > ω, if it preserves limits of nets of lengths less than τ ; f is monotonically
τ -continuous if it preserves limits of well-ordered nets of lengths less than τ (by length of
a net we mean cardinality of the index set of the net, i.e., of the domain of the net). We can
now define higher “sequential” cardinals:
An infinite cardinal κ is said to be submeasurable if there exists a noncontinuous, κ-
continuous real-valued map on 2κ .
By this definition, the first submeasurable cardinal equals to ω and the second one co-
incides with the first sequential cardinal. We should give some explanation why we call a
generalization of the first sequential cardinal submeasurable. The present author noticed
that one of the Balcar’s results about Maharam submeasures gives the equivalence of ex-
istence of such a submeasure and of the sequential cardinals (see [7]). Both authors then
extended that equivalence to higher cardinals in [1]: An infinite cardinal κ is submeasur-
able iff there exists a nonzero κ-continuous submeasure on the algebra of all subsets of κ ,
vanishing at singletons.
A submeasure µ on an algebra B of sets is a real-valued mapping defined on B and
having the following properties:
µ(∅) = 0,
µ(A) µ(B) for A ⊂ B,A,B ∈ B,
µ(A ∪ B) µ(A) + µ(B) for A,B ∈ B.
Continuity of submeasures is understood as that of the corresponding function from 2κ .
For submeasures, κ-continuity and monotone κ-continuity coincide.
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measurable iff there is a noncontinuous map g : 2κ → R (or g :Nκ → R) that is uniformly
κ-continuous, or iff there is a noncontinuous homomorphism g :Zκ2 → G or g :Zκ → G)
into a topological group G that is κ-continuous, (or a noncontinuous linear map g : Rκ →
F into a Fréchet space F that is κ-continuous (instead of homomorphisms or linear maps
we can use pseudonorms into R, and again monotone κ-continuity instead of κ-continuity).
3. Productivity determined by Cantor spaces
In the categories of topological groups or of topological linear spaces (or in their nice
subcategories) a bicoreflective subcategory is κ-productive iff the λ-powers, λ < κ , of a
significant space P belong to the bicoreflective subcategory. For instance, P coincides
with R in real topological linear spaces (or locally convex spaces) and with Z in topolog-
ical groups. Those significant spaces are basic separators of the corresponding categories.
In Top such a basic separator is the two-point discrete space 2 = {0,1} (if we omit single-
tons that are not convenient for taking powers). So, is it true that a coreflective subclass
C of Top is κ-productive iff 2λ ∈ C for all λ < κ? In TopGr and TopLin the alge-
braic structures helped substantially to prove the result. In Top we have no algebraic
structures—nevertheless, we can prove a similar result by another method that, to some
extent, simulates an algebraic structure. We must add the assumption (that holds automati-
cally in topological-algebraic categories) that C is finitely productive, otherwise the result
cannot hold (the class of sequential spaces contains Cantor set 2ω and is not countably
productive).
Suppose we deal with a product ΠIXi . By canonical Cantor subspaces of ΠIXi we
mean subspaces of the form ΠI {ai, bi} where a = {ai}, b = {bi} are points of ΠIXi .
Finally, by a σ -subproduct of ΠIXi determined by a ∈ ΠIXi we mean the subspace
{x; |{i;xi = ai}| < ω}. For a point x ∈ ΠIXi and J ⊂ I we denote prJ (x) briefly by xJ .
Theorem 1. A finitely productive coreflective subclass C of Top is κ-productive, where
κ  ω, iff 2λ ∈ C for all λ < κ .
Proof. Suppose that 2λ ∈ C, where C is a finitely productive coreflective subclass of Top
and λ  ω. We ought to prove that Xλ ∈ C for every X ∈ C. Since we want to show our
procedure works in a more general situation, we shall prove that ΠIXi ∈ C whenever Xi ∈
C for i ∈ I , where |I |  λ. Let E be the coreflection of ΠIXi in C. Thus E is finer than
ΠIXi .
Define continuous maps ϕi :Xi × Xi × Xi × 3 → Xi , for i ∈ I , by the equality
ϕi(x0, x1, x2, k) = xk . Take the product map ϕ = ΠIϕi :ΠIXi × ΠIXi × ΠIXi × 3I →
ΠIXi . Since ϕ :E ×E ×E × 3I ∈ C, the map ϕ :E ×E ×E × 3I → E is continuous. We
shall prove that ϕ :E × E × E × 3I → ΠIXi is quotient, which implies E = ΠIXi .
Take a set G open in E and some point a ∈ G. We shall construct a neighborhood of a in
ΠIXi contained in G. Since ϕ :E×E×E×3I → E is continuous and ϕ(a, a, a, {0}) = a,
there is a neighborhood U of a in E and a finite set F ⊂ I such that ϕ(x0, x1, x2, t) ∈ G
whenever xi ∈ U, i = 0,1,2 and t ∈ 3I , t  F = 0.
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products of discrete spaces (the Σ -products of discrete spaces are Fréchet–Urysohn by
the Noble’s result 2.1 from [10]). So there is a finite set L ⊂ I,L ⊃ F , such that (σa stands
for the σ -subproduct of |Xi |’s determined by the point a)
{x ∈ σa; xL = aL} ⊂ U.
Because C is finitely productive, a restriction of E is coarser than ΠLXi and, hence, there
is a neighborhood W of aL in ΠLXi with
W × aI\L ⊂ U.
Take now arbitrary z ∈ W ×ΠI\LXi . Because canonical Cantor subspaces of ΠIXi belong
to C, there is a finite set K ⊂ I,K ⊃ L, such that{
x ∈ ΠI {ai, zi}: xK = aK
}⊂ U.
Take now points x0 = zL × aI\L,x1 = aK × zI\K,x2 = aL × zK\L × aI\K, s = 0L ×
1I\K × 2K\L ∈ 3I . Then ϕ(x0, x1, x2, t) = z and, since xi ∈ U, t  F = 0 we have z ∈
G. 
The previous proof says that products are in a sense generated by Cantor spaces, finite
subproducts and σ -products of discrete spaces. We should compare that result with a No-
ble’s result 1.1 from [10], asserting that if a mapping on a product into a regular space is
continuous on canonical Cantor subspaces and on Σ -subproducts, it is continuous.
We now see that the assumptions in [3] on a coreflective class C that it is finitely pro-
ductive and contains a convergent sequence mean exactly that C is countably productive.
Corollary 2. If C and C′ are coreflective classes in Top, C is κ-productive and C′ ⊃ C is
finitely productive, then C′ is κ-productive, too.
Corollary 3. A finitely productive coreflective subclass C of Top is productive iff 2κ ∈ C
for all cardinals κ .
The original problem from 1978 can now be formulated in the following way: Does
there exist a nontrivial finitely productive coreflective subclass in Top containing all Can-
tor spaces 2κ?
4. Submeasurable cardinals as productivity numbers
We shall now modify Dow and Watson’s example from [3] mentioned in Introduction,
item (4). Instead of real measurable cardinals we shall use submeasurable cardinals and
for that reason we must adapt the original procedure. Moreover, we shall show that the
obtained class is more than finitely productive.
Theorem 4. Every submeasurable cardinal is a productivity number of some coreflective
class in Top.
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with µ(κ) = 1. For a family G = {Gα: α ∈ κ} of open sets in a topological space X and
for r ∈ ]0,1] define
Gr =
{
x ∈ X: µ{α: x /∈ Gα} < r
}
and
C = {X: Gr is open for every G, r ∈]0,1]}.
We shall prove that C is coreflective in Top that is κ-productive and not κ+-productive. It
is clear that C contains all discrete spaces and is closed under disjoint sums. By Theorem 1
it remains to show that C is closed under quotients, it is finitely productive and 2λ ∈ C for
all λ < κ .
(1) C is closed under quotients. Take a quotient f :X → Y , where X ∈ C and a family
G = {Gα: α ∈ κ} of open sets in Y . The family H= {f−1(Gα): α ∈ κ} of open sets in X
has all the required sets Hr open. It suffices to show that Hr = f −1(Gr ), which is easy.
(2) C is finitely productive. Take X,Y ∈ C, an open family G = {Gα}κ in X × Y and
r ∈ ]0,1]. Choose (x0, y0) ∈ Gr . If (x0, y0) ∈ Gα there are open sets Uα,Vα in X,Y re-
spectively, such that (x0, y0) ∈ Uα × Vα ⊂ Gα . If (x0, y0) /∈ Gα we put Uα = Vα = ∅.
We shall show that for some ε > 0, the open set Uε × Vε contains (x0, y0) and is con-
tained in Gr . Take ε > 0 such that µ{α: (x0, y0) /∈ Gα} + 2ε < r and (x, y) ∈ Uε × Vε;
we want to show that µ{α: (x, y) /∈ Gα} < r . The assumption (x, y) ∈ Uε × Vε implies
µ{α: x /∈ Uα} < ε,µ{α: y /∈ Vα} < ε. Since{
α: (x, y) /∈ Gα
}⊂ {α: (x0, y0) /∈ Gα}∪ {α: x /∈ Uα} ∪ {α: x /∈ Vα},
we have µ{α: (x, y) /∈ Gα} µ{α: (x0, y0) /∈ Gα} + ε + ε < r , which was to prove.
(3) C is κ-productive. Choose λ < κ . We want to prove that 2λ ∈ C. Take an open family
G = {Gα}κ in 2λ and r ∈ ]0,1]. Choose x ∈ Gr (thus µ(κ \ A) < r , where A = {α ∈
κ: x ∈ Gα}). For a finite subset F of λ denote UF = prF (x) × 2λ\F and AF = {α ∈ κ:
x ∈ Gα, UF ⊂ Gα}. Clearly, the net {A \ AF : F ∈ [λ]<ω} converges to ∅ and since µ is
κ-continuous, there is a finite F such that µ(A \ AF ) < ε, where we choose ε in such a
way that µ(κ \ A) + ε < r . For any y ∈ UF we have
{α: y /∈ Gα} ⊂ {κ \ A} ∪ (A \ AF )
and, thus, µ{α: y /∈ Gα} µ(κ \ A) + ε < r , which implies y ∈ Gr . Consequently, UF is
a neighborhood of x contained in Gr .
(4) C is not κ+-productive. We shall show that 2κ /∈ C. For α ∈ κ take Gα = pr−1α (0).
Clearly, 0 ∈ Gr for every r ∈ ]0,1]. It suffices to prove that no neighborhood of 0 is con-
tained in G1/2. Take a finite set F ⊂ κ and UF = {x ∈ 2κ : prF (x) = 0}. If y ∈ 2κ then
{α: y /∈ Gα} = {α: prα(y) = 1}. So, if we take for y ∈ UF the characteristic function of
κ \ F , we have µ{α: y /∈ Gα} = µ(κ \ F) = 1 and we are done. 
For κ = ω the class from Theorem 4 coincides with the class of P-spaces (i.e., spaces
where every Gδ-set is open).
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To complete our aim it remains to show that, except the cases pC = 2 and pC = ∞, the
productivity numbers of coreflective classes in Top are submeasurable cardinals:
Theorem 5. Productivity numbers of finitely productive and nonproductive coreflective
classes in Top are submeasurable cardinals.
Proof. Denote by κ the productivity number of a finitely productive and nonproductive,
coreflective class C in Top. We may assume that κ > ω. By Theorem 1, 2κ /∈ C and 2λ ∈ C
for every λ < κ . Denote by P the coreflection of 2κ in C and regard it as a group Zκ2 . Since
C is finitely productive the coreflection in C commutes with finite products and, thus, P is
a topological group. Consequently, P is completely regular. Since it is strictly finer than
2κ , there is a continuous real-valued map f on P that is not continuous on 2κ . To show
that κ is submeasurable, it suffices to prove that f is monotonically κ-continuous on 2κ
(e.g., at 0). We may assume f (0) = 0.
Let λ < κ and {xα}α∈λ be a net in 2κ converging to 0. Thus, for every ξ ∈ κ we have
prξ (xα) = 0 starting with some αξ . For α ∈ λ denote Aα = {ξ ∈ κ: αξ = α}. The family
{Aα} is a decomposition of κ to λ many sets. Take a discrete space D = {dα: α ∈ λ}
of cardinality λ and for β ∈ λ define a map ϕβ :D → 2Aβ by ϕβ(d0) = 0 and ϕβ(dα) =
prAβ (xα). Let ϕ :D
λ → 2κ be the product of the maps ϕβ,β ∈ λ, and let {yα}α∈λ be the
following net in Dλ:
prβ(yα) =
{
d0 if α  β,
dα otherwise.
Clearly, yα → d0 and ϕ(yα) = xα . Consequently, f (xα) → 0 because Dλ ∈ C and so, f ◦ϕ
is continuous. 
Corollary 6. If a coreflective class in Top is κ-productive for κ > 2 then it is at least
λ-productive, where λ is the smallest submeasurable cardinal bigger or equal to κ (it is
productive if such a λ does not exist).
As a special case we have:
Corollary 7. If a coreflective class in Top is countably productive then it is s-productive,
thus it is productive if s does not exist in the model we work in.
The next corollary is a direct consequence of the previous theorem and of Theorem 4.
Corollary 8. The class of productivity numbers of coreflective classes in Top coincides
with the class consisting of all submeasurable cardinals and of {2,∞}.
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Taking a subclassK of topological spaces, one may consider productivity of coreflective
classes in K. Such a general situation is probably very difficult to investigate. One should
take at least classes K that are productive in Top as, for instance, epireflective classes K
in Top. Those subclasses of Top are precisely classes that are productive and hereditary
in Top. There are three such classes that we call trivial: Top itself, the class of singletons
and the class of indiscrete spaces. The first case was considered in the previous sections
and the other two cases are really trivial.
In the next we shall assume thatK is a nontrivial epireflective subclass of Top. It is easy
to show that such a K must contain all zero-dimensional spaces, thus all discrete spaces
(therefore,K is closed under disjoint sums). Our main example forK is the class CompReg
of all completely regular spaces. We would like to prove for K the result corresponding to
Corollary 8.
If we go through the proofs of Section 3 we can see that an easy adaptation makes them
work in K instead of in Top. So we have:
Theorem 9. A finitely productive coreflective subclass C of K is κ-productive iff 2λ ∈ C for
all λ < κ .
Section 5 is again easy to change to be working in K and thus:
Theorem 10. Productivity numbers of finitely productive and nonproductive coreflective
classes in K are submeasurable cardinals.
It remains to construct, for every uncountable submeasurable cardinal κ , a class C core-
flective in K with pC = κ . We do not know a general way how to change a κ-productive
coreflective class of topological spaces to a κ-productive and coreflective class in K. So,
at this moment we must construct a requested class C for every given K. For instance, we
can do that in the class K =TopCR of completely regular spaces and, as a consequence,
we have:
Theorem 11. The class of productivity numbers of coreflective classes in TopCR coincides
with the class consisting of all submeasurable cardinals and of {2,∞}.
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